We study the two-dimensional bond-diluted XY and 6-state clock models by Monte Carlo simulation with cluster spin updates. We show that with dilution the KT transition temperature approaches zero at the percolation threshold, and the decay exponent at the KT temperature is universal, that is, η = 1/4. For the 6-state clock model, we observe a systematic shift of lower critical temperature due to the discrete symmetry. The universal behavior of the decay exponent at the lower KT temperature is also shown. §1. Introduction
§1. Introduction
The effect of dilution on the phase transition has been extensively studied. In a pioneering work, Harris 1) studied the problem whether the randomness changes the critical behavior of the pure system in the case of quenched random systems. The so-called Harris criterion 1) states that the dilution will be relevant (irrelevant) if the specific heat exponent of the pure system α > 0 (α < 0).
The two-dimensional (2D) XY model shows a unique phase transition, the Kosterlitz-Thouless (KT) transition. 2), 3) It does not have a true long-range order, but the system exists in a quasi-long range order (QLRO), where a topological excitation is formed by vortex-antivortex pairs. The correlation function decays as a power of the distance at all the temperatures below the KT transition point. Not so much attention has been given to the dilution effect on the KT transition. Recently, two studies have been reported on the site dilution of the 2D XY model, 4), 5) but they are contradictory. Leonel et al. 4) reported that the KT transition disappears before the concentration of vacant sites reaches the percolation threshold p c . On the other hand, Berche et al. 5) suggested that the KT transition remains up to p c .
With this situation, accurate numerical studies are demanded for the diluted XY model. The use of better estimator for probing the KT transition is effective. Tomita and Okabe 6) showed that the ratio of correlation function with different distances is a good estimator for the KT transition. This analysis has been successfully applied to the study on the 2D fully frustrated clock model. 7) The effect of the q-fold symmetry-breaking fields on the 2D XY model is also an interesting problem. 8) This is essentially equivalent to treating the q-state clock model, where only the discrete values are allowed for the angle of the XY spins. José et al. 8) showed that the 2D q-state clock model has two phase transitions of the KT type at T 1 and T 2 (T 1 < T 2 ) for q > 4. There is an intermediate QLRO phase between a low-temperature ordered phase (T < T 1 ) and a high-temperature disordered phase (T > T 2 ).
In this paper we investigate the 2D bond-diluted XY model by using the Monte Carlo simulation with the cluster algorithm. We also study the diluted 6-state clock model with paying attention to the effect of the discrete symmetry introduced in the XY model. §2.
Model and simulation method
The bond-diluted XY spin model is written with the Hamiltonian
where summation is taken over the nearest neighbors pairs ij , S i being a unit planar spin vector occupying the i-th site of lattice system (here we deal with the square lattice), and θ i the angle associated with the i-th spin. For the 6-state clock model, the angle takes only discrete values, θ i = 2πq/6 with q = 1, · · · , 6. The quenched dilution is conveyed by the coupling J ij following a distribution
, with p being the concentration of existing bonds. We make use of the canonical sampling Monte Carlo method with multi-cluster spin updates. We first discuss the specific heat. The temperature dependence of specific heat is plotted for various bond concentraions, p=1.0, 0.9, 0.8, 0.7 and 0.6, in Fig. 1 . Here, we show the data for the 6-state clock model only. The details of the calculations including the data for the XY model will be published separately. 11) We plot the data for L = 32, 48, 64, 80 and 96, but the size dependence is not large. At each set of curves, corresponding to one concentration, there exist two cusps (finite peaks). The peaks gradually decrease and become relatively flat as we go to smaller p. The behavior of the specific heat sug- gests the existence of QLRO, but more quantitative study of the KT transition can be made by the analysis of the magnetization. We treat the ratio of the correlation functions with different distances,
where g(r) is the correlation function; r 1 and r 2 are respectively set as L/2 and L/4. Figure 2 shows the temperature dependence of magnetic correlation ratio for various bond concentrations p. The curves of different sizes, L= 32, 48, 64, 80 and 96, are shown. We can see that the curves of different sizes overlap in the intermediate QRLO phase (T 1 < T < T 2 ), and spray out for the low-temperature ordered and high-temperature disordered phases. We perform the finite size scaling (FSS) analysis for the KT transition based on the KT form of the correlation length,
The procedure is the same as the pure 6-state clock model 6) and the fully frustrated 6-state clock model. 7) We plot the size-dependent temperature that gives the constant correlation ratio R = g(L/2)/g(L/4) as a function of l −2 with l = ln(bL). With bestfitted parameters we can get the estimates of T 1 and T 2 . The phase diagram thus obtained is shown in Fig. 3 . As shown, there is a systematic shift of KT transitions as the bond concentration decreases. Due to the discrete symmetry of the clock model, there is an ordered state below the QLRO. The plot suggests that both T 1 and T 2 approach zero at the bond percolation threshold p c = 0.5, which is in favor of the results by Berche et al. To discuss the universality, we consider the decay exponent η of the system for each bond concentration. We look at the constant value of correlation ratio R for different sizes and find the associate correlation function g(L/2). Then, using the power-law dependence of the correlation function on the system size, g(L/2) ∼ L −η for d = 2, we can estimate the exponent η. Since η becomes almost constant for larger and smaller R, the exponent at the lower and higher KT temperatures (T 1 and T 2 ) for bond concentrations are estimated as η 1 = 0.12(2), η 2 = 0.24 (2) for p = 1.0 ∼ 0.7. These values are consistent with the theoretical predicted values for the pure 6-state clock model, that is, 1/9 and 1/4. The corrections to scaling are larger for p = 0.6 and p = 0.55. The present results suggest that the exponents associated with the KT transitions are universal.
